Abstract. This paper contains the results of efforts to determine values of the smooth and the topological slice genus of 11-and 12-crossing knots. Upper bounds for these genera were produced by using a computer to search for genus one concordances between knots. For the topological slice genus further upper bounds were produced using the algebraic genus. Lower bounds were obtained using a new obstruction from the Seifert form and by use of Donaldson's diagonalization theorem. These results complete the computation of the topological slice genera for all knots with at most 11 crossings and leaves the smooth genera unknown for only two 11-crossing knots. For 12 crossings there remain merely 25 knots whose smooth or topological slice genus is unknown.
Introduction
This paper contains the results of efforts to determine unknown 1 values of the smooth and topological slice genus for 11-and 12-crossing knots. In order to determine the slice genus of a knot one needs to produce an upper bound, typically by exhibiting a surface cobounding the knot, and then establishing a lower bound which shows that surface has optimal genus. We apply a variety of methods to produce new upper and lower bounds.
Our lower bounds come from two sources. The first is an invariant t due to Taylor, which is a lower bound for the topological slice genus. Though t is determined by the Seifert form, it is generally difficult to compute. In order to apply it, we deduce from t a new, computable obstruction to g top 4 ≤ 1 by applying the theory of quadratic forms over the p-adic numbers to the symmetrization of the Seifert form. Our other source of lower bounds is Donaldson's diagonalization theorem, from which we obtain an obstruction to the smooth slice genus being equal to the signature bound, i.e. g 4 = |σ|/2 for alternating knots.
The majority of our upper bounds arise from a computer search to find knots related by crossing changes and crossing resolutions and using that the slice genus (smooth or topological) of knots related by a concordance of genus one differs by at most one. In other cases, we obtained upper bounds for g top 4 by computing the recently introduced algebraic genus. Similar to Taylor's invariant, the algebraic genus is an invariant depending only on the Seifert form. That it is an upper bound is a consequence of Freedman's disk theorem.
Altogether these methods allow us to complete the calculation of g top 4
for 11-crossing knots. In total, for knots with up to 12 crossings, there remain 22 unknown values for the smooth slice genus, and 7 unknown values for the topological slice genus.
Knot g 4 (K) g Table 1 .
The remaining unknown values. Table 1 summarizes the knots with crossing number at most 12 for which the topological and smooth slice genera are not known and their possible values. We hope that this paper will be helpful in drawing attention to these remaining unknown values, which may well require new and more interesting techniques to determine.
Each of the four following sections is devoted to one of the slice genus bounds we used. First, we looked for genus one concordances (Section 5); then, we applied the more sophisticated tools to the remaining unknown genera: the obstruction from Taylor's bound (Section 2), the obstruction from Donaldson's theorem (Section 3), and the upper bound from the algebraic genus (Section 4). Details about calculations are contained in the appendices.
Taylor's lower bound
The Seifert form θ of a knot K yields several well-known lower bounds to the topological slice genus, namely the bounds coming from the Levine-Tristram signatures and the Fox-Milnor condition. All of these lower bounds are subsumed by Taylor's lower bound t(K) [21] : let a(θ) be the maximal rank of an isotropic subgroup U of Z dim θ , i.e. a subgroup on which θ| U ×U is identically zero. Taylor's bound is then the following: g top 4 (K) ≥ t(K) := dim θ/2 − a(θ). Since this bound has previously only been explicitly stated in the literature as a bound on the smooth slice genus, we briefly indicate why this is true. The key ingredient is the existence of the higher-dimensional locally flat analogue of Seifert surfaces; more precisely, given a locally flat surface Σ ⊂ S 4 , the existence of a locally flat embedded compact oriented 3-manifold X ⊂ S 4 with boundary Σ. Following [20, p. XXI] , such an X may be constructed as follows: let νΣ ⊂ S 4 denote an open tubular neighborhood of Σ. We want to extend the projection ∂νΣ ∼ = S 1 × Σ → S 1 onto the first factor to a function φ : S 4 \ νΣ → S 1 . Then, because topological transversality holds (cf. [8, Ch. 9] and also [14, Essay III, §1]), there is a homotopy making φ topologically transverse to 1 ∈ S 1 . Thus X = φ −1 (1) is a locally flat 3-manifold with X ∩ ∂νΣ equal to a push-off of Σ. To obtain φ, note that by Alexander duality and S 1 being a K(Z, 1), we have
So one may take φ to be a generator for [S 4 \ νΣ, S 1 ]. Given this key ingredient, Taylor's bound can be obtained by a minor generalization to the proof that a topologically slice knot is algebraically slice (see e.g. [17, Ch. 8] ). Indeed, given a Seifert surface F ⊆ S 3 with Seifert form θ and a properly embedded locally flat surface D ⊆ B 4 cobounding K we can form the closed embedded locally flat surface Σ = F ∪ D ⊂ S 4 . Take X to be an embedded 3-manifold with boundary Σ, and let i : F → X be the inclusion. Standard homological and linear algebra arguments show that the kernel of i * :
Taylor's bound is much less well-known than the signatures and the Fox-Milnor condition, most likely because of two reasons: no algorithm to calculate t(K) has been produced so far, and it seems unlikely that t(K) will be much stronger than all the Levine-Tristram signatures taken together. Still, we exhibit the following computable lower bound to the slice genus coming from the Seifert form, which has to the best knowledge of the authors not been stated in the literature before, although it was implicitly used by the first author in [2] . This bound arises from Taylor's bound by a straight-forward application of the theory of quadratic forms, for which we refer to any of the standard textbooks such as the one by Lam [16] . Theorem 1. Let K be a knot with a 2g-dimensional Seifert form θ. Denote by η the integral quadratic form given by η(v) = θ(v, v). Denote by disc η = (−1) g(2g−1) det(η) the discriminant of η (note | disc η| = det K). If there is an odd prime p such that the two following, equivalent conditions are satisfied, then g top 4 (K) ≥ 2: (1) There is a non-negative integer e and an integer n such that disc η = p 2e (np + 1), and the Hasse symbol of η over Q p is −1. (2) The form η Qp induced by η over Q p is Witt-equivalent to an anisotropic four-dimensional form.
Proof. An isotropic subgroup U of rank a(θ) of θ gives rise to an isotropic subspace of dimension a(θ) of η Qp . If (ii) is satisfied, such a subspace has dimension at most
The equivalence of the conditions (i) and (ii) follows from the well-known fact that the Witt-class of a quadratic form over a local field is determined by its discriminant and Hasse symbol.
We used scripts [15] written for PARI/GP [19] to test for which knots this lower bound would be applicable, finding the six knots: g top 4 (K) = 2 12a787, 12n269, 12n505, 12n598, 12n602, 12n756.
For these knots, the topological slice genus is at least 2, and, by the upper bounds already known, in fact equal to 2. For all of them, one takes the odd prime p in Theorem 1 to be 3. The first two knots have discriminant 117 = 3 2 · (4 · 3 + 1), the last four discriminant −99 = 3 2 · (−4 · 3 + 1). Taylor's invariant t(K) is not just a lower bound for the slice genus, but may be considered as knot invariant in its own right, with further noteworthy properties; e.g., t(K) is an algebraic concordance invariant and equals the minimal slice genus among knots with Seifert form θ. As a side effect of our efforts to compute slice genera, we have also computed t(K) for all but five knots with up to 12 crossings. Note that t(K) is bounded below by the Levine-Tristram signatures, the Fox-Milnor condition and the bound from Theorem 1.
Proposition 2. For all prime knots K with up to 10 crossings, one has
For 11 and 12 crossings, there are 16 exceptions, and 7 potential exceptions to Equation (2.1):
• The following 16 knots are algebraically slice, i.e. t(K) = 0, but their topological sliceness has been obstructed by twisted Alexander polynomials [11] (in fact, they all have topological slice genus equal to 1):
11n45, 11n145, 12a169, 12a596, 12n31, 12n132, 12n210, 12n221, 12n224, 12n264, 12n536, 12n681, 12n731, 12n812, 12n813, 12n841.
• We were unable to determine the Taylor invariant of the two knots 12a1142, 12n549.
For both of them, t(K) ∈ {1, 2}. For these knots, it is not known whether the topological slice genus is 1 or 2.
• The Taylor invariant of the five knots 12a244, 12a810, 12a905, 12n555, 12n642
can be shown to be 1 by explicitly exhibiting an isotropic subgroup of the appropriate rank (cf. Appendix B). For these knots, it is not known whether the topological slice genus is 1 or 2.
3. An obstruction from Donaldson's theorem Now we state our obstruction from Donaldson's theorem. This obstruction has previously been applied to help find 2-bridge knots with differing smooth and topological slice genera [7] . Lemma 3. Let K be a knot with with a positive-definite m × m Goeritz matrix G.
Proof. The double branched cover Σ(K) bounds a 4-manifold X with intersection form given by the matrix G [10] . It also bounds a smooth 4-manifold Y with b 2 (Y ) = 2g 4 (K) and signature σ(K) [10, 13] . Suppose that 2g 4 (K) = −σ(K). This implies that the closed smooth 4-manifold Z = X ∪ (−Y ) is positive definite. Therefore, Z has intersection form isomorphic to the diagonal lattice Z m−σ(K) [4] . The inclusion X → Z induces an injection H 2 (X) → H 2 (Z) and hence an embedding of intersection forms. This gives the desired matrix factorization.
Using this lemma, we find that the following alternating knots cannot have smooth slice genus one, and thus all have smooth slice genus two. In each case, GAP's command OrthogonalEmbeddings was used to find minimal dimension matrix factorizations [9] . 2 11a211, 12a244, 12a255, 12a414, 12a534, 12a542, 12a719, 12a810 , 12a908, 12a1118, 12a1142, 12a1185
The algebraic genus
The algebraic genus g alg (K) is a knot invariant determined by the S-equivalence class of Seifert forms θ of a knot K, giving an upper bound for g top 4 (K). It was recently introduced by Feller and the first author [6] ; we refer to that paper for a detailed treatment, and only briefly state a definition and some properties of g alg
]. Let d be the maximal rank of an Alexander-trivial subgroup. Then the algebraic genus of θ is defined as
and the algebraic genus of K is defined as the minimum algebraic genus of a Seifert form of K. At the moment, no way is known to compute g alg for a general knot. However, a randomized algorithm as in [1] , implemented in PARI/GP [19] , gives good upper bounds for g alg , and thus for g given by g alg subsumes the bound coming from the algebraic unknotting number u alg [18] :
We found 19 knots for which the bound given by u alg is not strong enough, but the algebraic genus determines the previously unknown topological slice genus. Appendix C lists a Seifert matrix and a basis for an Alexander-trivial subgroup for each of those knots. Note that the minimum of the algebraic genus and the smooth slice genus is a very efficient upper bound for the topological slice genus of small knots: is unknown (see Table 1 ). Note that Equation (4.1) need not hold for higher crossing numbers. For example, the knot in Figure 1 is topologically but not smoothly slice (it is concordant to the (−5, 3, −7)-pretzel knot) and has non-trivial Alexander polynomial (and thus non-zero algebraic genus). 
Just as the Taylor invariant, the algebraic genus may be considered as a knot invariant of independent interest. We were able to determine the algebraic genus for all knots with up to 12 crossings, except for the following 54 knots, all of which have Alexander polynomial not equal to 1, but algebraic unknotting number equal to 2, which implies g alg ∈ {1, 2}: For all other 2923 prime knots with up 12 crossings, the algebraic genus equals the maximum of two of its lower bounds: the Taylor invariant and u alg /2 . A sharp upper bound for the algebraic genus is given in 2341 cases by the algebraic unknotting number, i.e. g alg = u alg ; in the other 582 cases, we explicitly found an Alexander-trivial subgroup of sufficient rank (for those knots, g alg = u alg − 1). To avoid overly bloating the appendix, bases for those subgroups are included in a separate text file with the arXiv-version of this article.
Genus one concordances
Lemma 5. Let K and K be knots in S 3 . If K can be obtained from K by one of the following operations:
(i) changing a single crossing; (ii) changing a positive and a negative crossing; or (iii) taking oriented resolutions of two crossings,
Proof (sketch). In all three cases K can be obtained from K by adjoining two oriented bands. This shows that in each case, there is a smoothly embedded twicepunctured torus
Since we can glue T to any properly embedded (smooth or locally flat) surface F ⊂ B 4 with boundary K or K , we see that the desired inequalities hold. Table 2 . Knots whose smooth slice genus could be determined by genus one cobordisms.
The above lemma was used to generate upper bounds for the slice genus as follows. For a given knot K, we take a diagram D and obtain a new diagram D by performing one of the three given operations. By considering the Jones polynomial and the crossing number of D , we obtain a small set of possibilities, S, for the knot represented by D . This gives the following upper bound on the smooth slice genus:
Remark. In practice, we found that the combination of the Jones polynomials and the bound on crossing number was often sufficient to identify D exactly. However, even when the set S contains more than one knot, we often found that all the knots in S had the same smooth slice genus.
Using a computer, we applied the above method to each knot where the smooth slice genus was not listed on KnotInfo [3] . Comparing the resulting upper bounds with previously known lower bounds allowed to deduce the exact value for the knots listed below. In Appendix A, we state the operation performed and the resulting set S which gave the desired upper bound for each knot.
5.1. The smooth slice genus of 11-and 12-crossing knots. Using the methods outlined above, the value of the smooth genus can be determined for the knots listed in Table 2 . In all cases, this means that the smooth genus is equal to the previously known lower bound. Although it does not determine the value completely, we also obtain a new upper bound for g 4 (12n555) ≤ 2. This is done by observing 12n555 can be transformed into 9 48 , which has g 4 (9 48 ) = 1, by a crossing change.
5.2.
The topological slice genus of 10-crossing knots. The only 10-crossing knots for which the topological genera are not known are 10 152 and 10 154 . We can determine for these by obtaining them by a crossing change from knots for which the topological genus is already known. Note that this uses the topological genera of 12n321 and 12n750 which were recently determined by Feller [5] .
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Appendix A
For each knot K in Table 2 , we state an operation from Lemma 5 along with the resulting family S, which can be used to give the required bound on g4(K). In all cases we used only the diagram corresponding to the PD notation listed on KnotInfo [3] . In this table,
• 'cc'='crossing change', • '+-cc'='a positive and a negative crossing change' • and 'res'='oriented resolutions of two crossings'. 
Appendix B
This appendix contains Seifert matrices (from KnotInfo [3] ) and bases of isotropic subspaces (computed with PARI/GP [19] ) of the five knots referred to at the end of Section 2. Each of them has Taylor invariant equal to 1.
Knot
Seifert matrix Basis of an isotropic subgroup
For each knot K in the second table of Section 4, we give a Seifert matrix (from KnotInfo [3] ) and a basis of an Alexander-trivial subgroup of maximal rank (computed with PARI/GP [19] using a randomized algorithm as in [1] ). The basis is chosen such that the matrix of the restriction of the Seifert form to the subgroup with respect to the basis has the following form:
where M is a quadratic matrix of dimension two less, of the same form.
Seifert matrix Basis of an Alexander-trivial subgroup 
